Commun. Math. PhyS 151, 607-617 (1993) Communications in
Mathematical
Physics
© Springer-Verlag 1993

Quantum Invariants at the Sixth Root of Unity

Robion Kirby', Paul Melvin?, and Xingru Zhang?

! Department of Mathematics, University of California, Berkeley, CA 94720, USA
2 Department of Mathematics, Bryn Mawr College, Bryn Mawr, PA 19010, USA
3 Department of Mathematics. University of British Columbia, Vancouver, BC V6T 1Y4, Canada

Received May 7, 1992

Abstract. A general topological formula is given for the SU(2) quantum invariant of
a 3-manifold M at the sixth root of unity. It is expressed in terms of the homology,
Witt invariants and signature defects of the various 2-fold covers of M, and thus ties
in with basic 4-dimensional invariants. A discussion of the range of values of these
quantum invariants is included, and explicit evaluations are made for lens spaces.

Introduction

Quantum invariants of 3-manifolds were introduced by Witten in 1988 using Chern—
Simons gauge theory and path integrals [W], and subsequently formulated in terms
of quantum groups by Reshetikhin and Turaev [RT]. They depend on the choice of a
simple compact Lie group (the gauge group) and a root of unity ¢ (of order three or
more).

In [KM2], the first two authors established a cabling formula and a symmetry
principle for link invariants derived from quantum groups which led to an elementary
proof of the existence of the quantum invariants for an SU(2) gauge and to evaluations
at the third and fourth roots of unity (in terms of algebraic topological invariants).
The existence of such evaluations is not surprising in light of the fact that the SU(2)
quantum invariants at ¢ of a 3-manifold M obtained by surgery on a framed link L
in S? are related to the values of the Jones polynomial of L at ¢, and these values are
understood topologically for ¢ of order three or four. In fact, they are also understood
at the sixth root of unity, and so it is natural to look for a corresponding evaluation
of the quantum invariants. This has been found for 3-manifolds obtained by surgery
on a single knot [KM1]. The purpose of this paper is to give a formula for arbitrary
closed oriented 3-manifolds M. We adopt the notation of [KM2]. In particular, 7,.(M)
denotes the SU(2) quantum invariant of M at g = exp(2wi /7).

Recall from [KM2, Sect. 8.32] that for r = 2(mod4), 7,.(M) splits as a sum of
invariants 7, (M, ©) of M equipped with a 1-dimensional cohomology class ©. (This
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is a consequence of the symmetry principle.) In particular,

T (M) = Z 76(M, ). (1)
OcHY(M:Z/2Z7)
We shall give a formula for 7,(A/, @) in terms of certain Witt invariants of M and of
the 2-fold cover A, — M naturally associated with @ (by the universal coefficient
theorem).

Theorem. Let M be a closed oriented 3-manifold. Then for any element © in
HY(M;Z/27),

e ] —d(] W 7—3 2 (6
7_6(‘,\,[’_ O) = \/§_<@)+du1@) d(AD),; w(M)+260 +der;<0)7

where (@) = 0 or 1 according to whether © is zero or not, d(M) = rk H'(M: 7./37),
w(M) is the mod 3 Witt invariant of M (defined in (6) below), 203 is the image in /4
of the cup cube of © (under multiplication by 2: H*(M; Z./27) — H*(M:Z/4Z)), and
def;(0) is the mod 3 Witt defect of the 2-fold cover My, — M (defined in (9)).

Note that if M is a Z/2Z-homology sphere, then 7,(M) = 7,(A1,0), and the
formula in the theorem reduces to

7_6(1\[) _ \/gd(ﬂf)i—w(l\/) . (2)

since Mg, is just two copies of M. In particular, 7,(A/) = 1 for any integral homology
sphere 1.

Witt Invariants and Defects

For any integral symmetric bilinear form A, let o, denote the signature of A, and
let d 4 and w, denote the nullity and Witt class of A viewed as a form over Z/3Z
(lying respectively in Z and in the Witt group W(Z/3Z) = Z/4Z, see for example
[MH]). Recall that w, can be computed by diagonalizing A (mod 3), with diagonal
entries written as 0 or &1, and then taking the trace. Set

Ay = V3%aimwa 3)

This expression arises in the evaluation of Jones polynomials at the sixth root of
unity. In particular, for any oriented link L in S?, let Q(L) denote the quadratic form
of L (obtained by taking the sum of the Seifert form and its transpose). Then

v, = Ao 4)

by Theorem (B.1) of [KM2], where V is the variant of the Jones polynomial defined
in [KM2, Sect. 4].

If L is a framed link, then there is another symmetric bilinear form associated with
L, the linking form A(L) with framings down the diagonal. We shall write o, d;,
wy, and Ap, respectively, for T ALy dA(L), WALy and A4

Following [KM2], denote the colored framed link invariant of L with coloring k
at ¢ = exp(2mi/6) by J, , and write .J, for .J, ,. Note that .J; is independent of
the orientation on L. Applying Corollary (4.11) of [KM2] at the sixth root of | and
Eq. (4), we have (for any orientation on L)

Jp = 12100V = V3¢ Py, (5)
where ¢ = exp(27i/8) (since [2] = V3 and t = exp(27i/24)).
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Now let A be a closed oriented 3-manifold. Choose any compact oriented 4-
manifold W bounded by M, with intersection form A(1), and define the mod 3 Wiz
invariant of M by

w(M) = 0 4y, — W) (Mod 4). (6)

(In particular w(M;) = o; — w,.) To see that this definition is independent of the
choice of W, note that the signature and the Witt class agree (mod4) for closed
4-manifolds since their intersection forms are stably diagonalizable over the integers
(i.e. allow block sums with (1) & (—1)). The invariance of w(A/) now follows from
Novikov additivity of the signature and Witt class. (The latter is immediate from the
proof in [AS, Sect. 7] which shows that the intersection form of the closed 4-manifold
obtained by gluing ¥ and W’ along their common boundary is Witt equivalent to
the sum of the nondegenerate parts of the forms of W and W'.) There is a similar
definition for the mod p Witt invariants for any prime p = 3 (mod 4).

Next consider an m-fold cyclic cover AT — M of closed oriented 3-manifolds.
This extends to a cyclic cover W — W of compact oriented 4-manifolds, branched
along a closed surface F' in W (see for example [CG, Lemma?2.2]). Denote the
intersection forms of W and W by A(W) and A(V).

Hirzebruch’s signature defect of the cover M — M [H] (see also [KM3, Sect. 3])
is defined to be the rational number

m? — 1

def(AT — M) = mo 4y — o) — F-F. (7

3m
This is independent of the choice of the cover 1" — W by Novikov additivity and
the (G-signature theorem. Note that F' - F' is divisible by m, and so 3 def(M — M)
is an integer. ~
Similarly, define the mod 3 Witr defect of the cover Al — M by
m’ — 1

defy (M — M) = mw 44y — Wagi, — —5— [+ F(mod4). (8)

This is well defined by Novikov additivity and the fact that the signature reduces
mod4 to the Witt class for closed 4-manifolds. There is an analogous definition for
the mod p Witt defects of covers for primes p = 3 (mod 4).
Question. 1s defy(M — M) a homotopy invariant? That is, if A/ — Al is the
pull back of N'— N under a homotopy equivalence M — N, then is defy(N] —
M) = def3(N — N)? (The answer is probably yes. If so, then 7,(A.©) and
To(M) = > 7(M.©) are homotopy invariants as well.)

Now for any closed oriented 3-manifold A and class © in H'(M: Z./27), define

defy(Q) = defy(My — M), 9)

where M, — M is the associated 2-fold cover.

Remark. The corresponding signature defect def(©@) is an integer (since m = 2),
and is related to def;(©) by the congruence def;(@) = def(©) — Quw(M) — w(My))
(mod 4). Thus the formula in the theorem can be rewritten as

. (O ] —d(] w(] s 193 (O
7_6(‘“’]7 @) _ \/gu(())er(J[(_)) <1(J[)Zu,(A\[)+u(A\[(_)H»_O +def(@) ) (10)

The preceding question asks whether or not the signature defect (mod 4) is a homotopy
invariant.
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If M = M,, then © corresponds to a sublink £ and L (consisting of those
components whose meridians p have ©(u) # 0) and the self linking number F - E
(i.e. the sum of all the entries in the linking matrix A(F)) is even.

If I is oriented, then it corresponds to an integral 2-dimensional homology class
in the 4-manifold W, obtained by adding 2-handles to B* along L. This class can be
represented, for example, by the surface /', consisting of the cores of all the handles
attached to the components of E together with a Seifert surface for £ (with interior
pushed into B*).

Note that the self intersection number of F, is equal to the self linking number
of E which is clearly independent mod4 of the orientation on . In fact, it reduces
mod 4 to the element 260° in Z/4Z:

Fp-Fp=E-FE=260mod4). (11

One way to see this congruence is by Poincaré duality. Indeed, one must show that
the triple self intersection of the dual of © (which is dual to ©?) has the same parity
as e = %E - IJ. This is easiest to verify by first “sliding handles” and “blowing up”
so that £ consists of a single unknotted component with framing 2e¢. Then the dual
of @ is represented by a Seifert surface for £ (disjoint from L — F) capped off with
a punctured sum of ¢ projective planes in the surgery solid torus, and the triple self
intersection of this surface is e (mod 2).

Now observe that the two fold cover W of T, branched along F; is bounded by

the cover M, — M. Thus for any framed link L for which W; = W, we have

defy(©) = 2w, —w; — e(mod4), (12)

E-E.

o —

where ¢ =

Proof of the Theorem

As above, we adopt the notation of [KM2]. Choose a framed link L in S3 with
M = M, and let E be the sublink corresponding to the cohomology class ©. Note
that £ - K is even for each component K of L (by Poincaré duality). Denote the
complementary sublink . — 7 by E’. Then

ioL
(M, 0)= —— T 6w s (13)
oML N s;/ BUS,2U3

where n; denotes the number of components in L. This is just Theorem (8.32) in
[KM2] for r = 6.

By the cabling formula [KM2, Theorem (4.15) and the following remark] (at the
sixth root of 1)

Jpusaus = Z (D" Jpor (14)
T<S

(Here 27" denotes the double cable of 7.)
Now for any given sublink T < E’, there are 2"E'~T sublinks S with T < S < E’.
In particular, substituting (14) in (13) and interchanging the order of summation we



Quantum Invariants 611

obtain
Z‘io‘L ng
To(M,.0) = W Z Z (=" T Tpor
h T<E' T<S<E'

7oL Z ”]?/Z_I ( I)J <nE’—T> J

= = - : EL2T
\/§ " T<E' =0 J
;7oL

= 3 Jpuap (15)

since the alternating sum of the entries in any row but the first of Pascal’s triangle is
zero.
Using (3) and (5) it follows from (15) that

(M. 0) = 3! Fdo g jemor—rg (16)

for any chosen orientation on L, where e = ;IE - E (dual to @ by (11)) and
Q = Q(F U2E".

In practice, formula (16) provides the easiest computation of 7. But to show
how it is related to the Witt invariants discussed above, it is convenient to consider
separately the two cases when © is trivial or not.

If @ =0, then F is empty, and so (16) reduces to

’/_()(XF\[L: O) _ \/gH—dean-‘(rwaQ ) (17)

where () is the quadratic form of 2L. Now 2/ (with each doubled pair oppositely
oriented) has a Seifert surface obtained by replacing each component of L by an
annulus, twisted according to the framing, and then connecting these annuli with
(n; —1) tubes. The resulting Seifert matrix is O©@ A, (where O isa (n; —1)x(n;—1)
matrix of 0°s) and so the associated quadratic form Q is O©(A, +A}) = 0G24, =
O & —A; (mod3). Thus d, =n; —1+d; and w, = —w; and the formula in the
theorem follows immediately.

If © # 0, then we can arrange that £/ = L. (If not, then slide one component of
F over each of the components of £’.) Now (16) reduces to

(M, . Q) = /3! Tl e —wq (18)
where () is the quadratic form of 1., and so it remains to prove
dg =dMg) —d(M) and wg =w(M)—c— oy —def3(O). (19)

To establish (19), we will explicitly construct the double branched cover W; of
W, described above (12), which is bounded by the double cover Al, of M.

First orient [ and choose a Seifert surface F' in the 3-sphere. A framed link L’
for the double cover of the 4-ball branched along F (with its interior pushed in B*)
is described in [AK, Sect.2]:

View F' as a 2-disc D with bands (1-handles) attached, as in Fig. la. Let p denote
a rotation of S* about the circle D by 7 radians which carries the interior of D
off itself. We may assume that the bands of F' all lie close to the disc o(D) and are
disjoint from their images under o, which lie close to D. Now L’ consists of the
knots obtained by joining the cores of the bands with their images under o, and the
framing on each component is given by the number of half twists in the associated
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Fig. 1a,b

band. For example, the band in Fig. la with the trefoil knot tied in it has 6 right half
twists, from the knot, and 4 additional left half twists, and so is assigned the framing
2 as in Fig. 1b.

Now let /7, denote the closed surface in M/, obtained from F' (pushed into 3*)
by capping off the boundary circles with the cores of the 2-handles attached to L. The
desired double cover of W, , branched along I, is obtained by adding 2-handles to
W, , along the lift of L = JF, and so is given by the link

L=rulrL

with modified framings on L.

To determine the new f[ramings, observe that each component K of L has two
natural framings, one as a component of L (the L-framing k) and the other as a
curve in I (the F-framing f, which is the linking number with a pushoff in F).
The new framing on K is just the average (k + [)/2 of these two framings — this
is an integer since L - K is even. To see this, note that the 2-handle attached to
K in M; is the double cover of the corresponding one in M, , branched along its
core, and so the relative framing k — f must be halved. Thus the new framing is
[+ k= 1)/2 = (k+ f)/2. For example, the component with L-framing 6 in Fig. 1a
has F-framing —2, and so has framing 2 in the cover as shown in Fig. Ib.

We now claim that the linking matrix of L is equivalent mod 3 to the block sum
of the negative of the linking matrix of L and the symmetrized Seifert matrix of F
(which represents () = Q(L)):

A(L)=— A(L) = Q(L)(mod 3). (20)

To prove (20), note that there are 2g+n — 1 bands in F', where ¢ is the genus of F'
and n = n; is the number of components in L. Label them (arbitrarily) with the letters
ap.by.....a,by.cp ..o c, . and then (for convenience) slide them over one
another so that they are attached in the order a,b,a,b, ...a b a b cic;...c,_c, .

Let A denote the linking matrix for the bands a;.0,. .... a,.b, (i.c. the ij" entry
records the number of half twists between the i and ;™ band). The corresponding
linking matrix for the bands c¢,..... ¢,_, has even entries, since [ is oricntable,
and so will be denoted by 25. Similarly, 2C" will denote the matrix which records
the linking between the first 2¢g bands and the last n — 1. Finally, let 2a denote the
difference of the L-framing and the F'-framing of the “long” component of L (the one
which passes over every band of F'), and let 2D denote the corresponding diagonal
matrix for the framing differences of the remaining components of L (corresponding
to the bands ¢. .... ¢, _)).
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Now it is easily verified that the linking matrix and quadratic form for L are given

by
s+2a A 2C
A(L):< ) B+2D> and  Q(L) = <20f 2B> : @1

where s is the sum of all the entries of /3 and b is the column vector whose i entry

is the sum of the entries in the i row of B. Similarly, the linking matrix for L is of
the following block form:

s+a bt b
- b B+D Ct B
A(L) = 2
(L) . c 4 a0 | (22)
b B 200 2B

where ¢ is the column vector whose i entry is the sum of the entries in the i™ row

of C'. A change of basis converts A(L) into
55 +a 56 3¢t 3!

5b 5B+ D 3Ct 3B

3¢ 3C A 20

3b 3B 2C" 2B
which is congruent to —A(L) & Q(L) (mod 3). In particular, first add the last block
of rows (and then columns) to the second block, and then add each row (column) in
the last block to the first row (column). This establishes (20).

It follows that d, = dj —d; = d({g) — d(M) (since A(L) and A(L) are
presentation matrices for the first homology of A7 and A7), which proves the first
equation of (19). Also w, = wy +1w, which gives the second equation of (19) using
(6) and (12), and the theorem is proved.

(23)

Remark. The invariant ©° is determined by the other invariants which appear in the
exponents in the formula in the theorem. In particular,

O} = (M) + def;(O) + =(O) (mod 2) . (24)

This is obvious if ¢(@) = 0 (i.e. @ = 0), since all the terms in (24) except (M)
then vanish, and d(11,) = 2d(A). If £(@) = 1 then the link I constructed in the
proof of the theorem has an odd number of components by (22), and so d(}M,) =
d; = wj + 1 (mod2). Thus using (12) we have O =c= 2w, — wj +defy(@) =
d(M ) + def3(O) + 1.

Examples: Lens Spaces

Simple formulas for the quantum invariants of lens spaces L(c,a) (with ¢ # 0) at
the sixth root of unity can be derived using (16) and the techniques of [KM3]. In
particular, adopting the orientation conventions of [KM3],

+ 1 for ¢ = +1(mod3),

To(L(e.@). 0) = { +V/3i for (c.a) = (0.41)(mod 3). (25
and for ¢ even and © # 0,
To(L(c. ). ©) = { £V3 for /2= ! modd). (26)
+/3i for (¢/2.a) = (0.£1) or (2. F1)(mod4).
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(For ¢ = 0 one readily computes 7,(S% x S'. @) = v/3 for either class O.)

We will prove these formulas by induction on ¢. For convenience, assume that a/c
is a Farey fraction (i.e. a and ¢ are coprime and 0 < a < ¢), and s0 0 < a/c < 1.
The induction starts with the case of the 3-sphere (¢ = 1, or equivalently a/c¢ = 0 or
1) which is trivially verified. Now assume ¢ > 1, and so 0 < a/c¢ < .

Recall that L(c.a) can be described by surgery on any simple chain link 1
with framings a,. .... a, chosen so that a/¢ = (a,..... a,), as shown in Fig.2.
Here, as in [KM3], (a,. .... a,) denotes the continued fraction —1/(a, — 1/(a, —
... —1/a,)...). Geometrically, the list a,. .... a, defines an ideal edge path in the
hyperbolic plane, with vertices oc.0. («). («;.ay). ... {a,..... a,) = a/c on the
circle at infinity [KM3, Sect. 1]. Each component of L corresponds to an interior

vertex of this path.
(\( ’\@
ay as an

By the inductive assumption, L can be chosen with n > 1 so that the last
two interior vertices of the associated path, p/¢ = (a,.....qa, ,) and r/s =
(ay. ....a,_,), are Farey fractions with p/q < a/c¢ < r/s and ps = qr — 1. (Here
p/q =0/1if n = 2.) In particular, ¢ and s are both less than ¢, and so by induction
the formulas (25, 26) hold (if applicable) for L(q.p) and L(s.r).

First let © = 0. Note that in general

To(M.0) = \/gf"“}j*u'(.\[) )

Fig. 2

and so |74(L(c.a).0)| = V/3 or 1, according to whether ¢ is divisible by 3 or not.
Thus we need only analyze the phase in formula (25).
Choose L so that «,, = 1, and so (¢.a) = (¢ + s.p+ 7). Then

0 if ¢=0(mod3).

w(l(c.a)) =w(l(s.1)+< 2 if s=¢g(mod3).
3 otherwise.

Indeed, L(s.7) is given by the framed link ./, obtained from L by dropping the last
component. In passing from ./ to L, the signature of the linking form increases by
[ (use [KM3, (1.17¢)]), while the Witt class increases by | if ¢ = 0, decreases by
1 if s = ¢(mod3), and remains fixed otherwise (diagonalize from the top down
and use [KM3, (1.13b) and (1.17¢)]). The Witt invariant is the difference of the
signature and the Witt class. Formula (25) now follows by induction, using the fact
that ps = qr — 1 (mod 3).

Now suppose that ¢ is even and @ # 0. Let L, denote the sublink of L
corresponding to the vertices p/q of type 0 (i.e. (p.q) = (0.1)(mod?2)) in the
associated path, and write n,, for the number of components in L, and 7, = L,,- L, for
the sum of the framings. Similarly, define L, n,, 7, for vertices of type 1 (= (1. 1)),
and L__, n_, 7, for those of type o (= (1.0)). Note that a/c is of type .

Observe that the characteristic sublink I corresponding to @ is just L, U L, (cf.
the proof of (4.6) in [KM3]), and E’ = L__. Thus n, = n_. To analyze the other
terms in (16), orient the components of L alternately clockwise and counterclockwise,
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as shown in Fig.2. Then ¢ = %E E = %(7‘0 +7)+n—1-2n_. An easy
calculation shows that the quadratic form @ = Q(F U2L_) is Witt equivalent to
0, . © [.,I___l_z,,x, and so d, =n. and w, =n —1—2n_ . Putting these together
in (16) gives

- —0
7o (L(c.a). @) = \/gif('('+") b= (/3totm . 27)

where /4, and j¢, are the two mu invariants of L(c. ) [KM3, Sect. 4].
It follows from (27) that [T(,(L((f. a),0)| = ﬂ Since (26) can be rewritten

{('/2 ba it ¢=0(mod4) .
7,(L(c.a).©) = V/3i Le/2=1 it e=2(mod 4. (28)
it remains to show that the exponents of 7 in (27) and (28) are equal.

Note that L can be chosen so that either ¢ is even and a, = 2. or s is even
and @, = —2. We assume the former, as the arguments are analogous. Thus

(c.a) = (q+ 2s.p—+ 2r), and (26) is assumed to hold for L(q. p).

Now L(q.p) is given by the framed link .J obtained from L by dropping the
last two components. In passing from J to L, the signature of the linking form
remains unchanged (again use [KM3, (1.17¢)]) and the invariant 7, + 7, increases by
2. Thus the exponent of 7 in (27) increases by 1. The same is true in (28). Indeed,
(¢/2.a) = (q/2, p)+(s.2r), and so the exponent of 7 in (28) increases by p+s+2r+1
if c =0(mod4), and by s —p — 1 it ¢ = 2(mod4). (Note that ¢ = ¢ + 2 (mod4)).
But both of these expressions equal 1, since ps = ¢r — 1 (mod4). This completes the
proof of (26).

Range of Values

Using the arguments in the proof of the theorem, one can determine the full range of
values of the invariants 7,(1/. @), and more generally of the invariants which appear
in the exponents in the formula given in the theorem. For convenience, denote the
list (c.d.d.w.6) = (£(@), d(AM). d(Mgy). w(M). defy(@)) of invariants of (1. O) by
o = o(M.6). (Note that we have excluded @3 since it is determined by the other
invariants, by the remark above.) Also set

S ={V3il | se Lt € L)AL, s > 0} .

Proposition. The invariants o = (=.d, d, w, 8) assume all values in Z)2L 157 &
7./4Z & /AL satisfying the following conditions:
(i) d>d>0,
(i1) if d =0, then w = 0(mod 2), and
(iii) if ¢ =0 (i.e. @ = 0), then d = 2d and 6 = 0.
The full range of values of 7,(M.0) is the set ./ — {£i}, and of 1,(M.O) (for
© #£0)is the set ./ — {£1. +i}.

Proof. Necessity of the conditions is easy: (i) follows from (19), (ii) follows from
the fact that o, = w, (mod2) when d(Af) = 0, and (iii) is obvious.

Sufficiency is proved by construction. It suffices to (a) produce examples of (17, ©)
with 0 = (¢.0.0,w, €6) for arbitrary € and 6 and even w, (b) show how to modify
any (1. 0) to change o by (0. 1,2.w.0) for w = 0 or 1, and (¢) show how to modify
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any (M, 0) with © # 0 to change ¢ by (0.0,1,0,—1), and by (0, 1.1, w.—1) for
w=20or I.

The lens spaces L(c, 1) (obtained by surgery with framing —c¢ on the unknot)
provide examples for (a). In particular, using (16) one computes

(L(6k £2.1).0) = (2(0).0.0. 1 + sign(k). —=(O)k)

for k # 0, and so the values 0 < k& < 4 suffice.
To achieve (b), one may take connected sums with (L(3%.1).0) for k=0 or —1.
Indeed, using (16) one computes o(L(3k, 1),0) = (0. 1.2, —sign(k), 0), and in general

o((M,0)s(M’,0)) = a(M.O) + o(M'.O") + (—e£’.0.2¢".0.0) .

where ¢ = =(M.©) and &' = e(M', ©).

For (¢), let (M. ©) be given by a framed link L with sublink E corresponding to
© (as above). Consider the operation of adjoining a doubled meridian with framing
k to a component of F, as shown in Fig. 3.

~

Fig. 3 I

This has the effect of block summing the linking matrix of L with (k), and the
quadratic form of L with (1 — k) & (0) (up to Witt equivalence). From this one easily
computes the effect on o using (16). In particular, ¢ changes by (0,0, 1,0, —1) for
k=1,by (0.1,1,0,—1) for £k =0, and by (0,1, 1,1, —1) for k = 3.

The last statement in the proposition follows immediately (or can be proved
directly).

Remark. 1t is not so easy to determine the full range .7~ of values of 7 (M) =
> 76(M.©). The proposition shows that ./~ is a multiplicative subset of the ring
A= Z[\/§, \/§7ﬁ], but it appears difficult to characterize this subset. It is not hard to
show that .7 is a proper ubset of A. For example, any a + bv/3 + ¢\/3i + 3di in
7 =/ (for a, b, ¢, and d integers and ./ as in the proposition) must have «+b+c+d
even. Also, .7 is not discrete as a subset of C. For example, T(’(RP3) =3 —1and
To(L(12,1)) = 0 (see above for the computation for lens spaces) and so the infinite
sequence Té(nRP3) converges to 7(L(12, 1)). Is .7~ dense in C?
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